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This paper proposes an asymptotic one-sided N (0, 1) test for independence
between two stationary time series using the empirical characteristic function.
Unlike the tests based on the cross-correlation function (e.g. Haugh, 1976;
Hong, 1996; Koch & Yang 1986), the proposed test has power against all
pairwise cross-dependencies, including those with zero cross-correlation. By
differentiating the empirical characteristic function at the origin, the present
approach yields a modified version of Hong’s (1996) test, which in turn gen-
eralizes Haugh’s (1976) test. Other new tests can be derived by further dif-
ferentiating the empirical characteristic function properly. A simulation study
compares the new test with those of Haugh (1976), Hong (1996) and Koch &
Yang (1986) in finite samples; the results show that the new test has reason-
able sizes and good powers against linear and nonlinear cross-dependencies.
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1. INTRODUCTION

Testing independence between time series is important in multivari-
ate time series analysis. Haugh (1976) proposes a popular test by first
prewhitening two time series and then testing whether the two residual
series are independent via the residual cross-correlation function (see also
Pierce, 1977; Pierce & Haugh, 1977). Haugh’s statistic is based on the sum
of squared residual cross-correlations of finitely many lags and has a null
chi-square distribution. Koch & Yang (1986) extended Haugh’s approach
by accounting for a possible pattern among successive cross-correlation co-
efficients. The test places more weights on successful coefficients that fall
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on the same side of zero. This yields good power against alternatives in
which two time series are related over a long distributed lag with rela-
tively small lag coefficients of same sign. The test statistic is distributed as
an infinite sum of weighted chi-square random variables, with the weights
determined by the eigenvalues of some known matrix. Kock & Yang use
Satterthwaite’s (1941, 1946) chi-square approximation for the nonstandard
distribution. Alternatively, Hong (1996) recently proposed an asymptotic
one-sided N(0,1) test by extending Haugh’s approach via a frequency do-
main approach. Hong’s test is based on the weighted sum of squared resid-
ual cross-correlations of various lags, where the weights depend on a kernel
function used to estimate the residual coherency function. Typically, larger
weights are assigned to lower order lags and smaller weights to higher order
lags. Haugh’s test can be viewed as a special case using the truncated kernel
or uniform weighting. Both theory and simulation show that non-uniform
weighting generally has better power than uniform weighting.

While the cross-correlation function provides a natural and convenient
tool to investigate causal relationships between two time series, it only
captures linear associations between two time series. There exist alterna-
tives in which two time series exhibit zero cross-correlation but are not
independent. For instance, some financial time series may have no or little
associations with each other in mean but exhibit strong mutual dependence
in variance or higher moments (e.g. Engle & Susmel, 1993). For such al-
ternatives, the tests based on the cross-correlation function will have little
power. The inconsistency of the cross-correlation based tests is unsatisfying
from both theoretical and practical points of view.

In this paper, we extend Hong’s (1996) approach and construct an asymp-
totic one-sided N (0, 1) test using the empirical characteristic function. The
test is able to detect nonlinear dependencies missed by cross-correlation
based tests. We compare the pairwise joint empirical characteristic func-
tion of the residuals of two time series with the product of their marginals
of various lags, with different weights assigned to different lags. The test
is consistent against all pairwise cross-dependencies between two time se-
ries, and is particularly powerful against alternatives in which the strength
of cross-dependence between two time series decays to zero as the lag
increases. Hong’s (1996) cross-correlation test can be derived from the
present approach by differentiating the empirical characteristic function at
the origin. A variety of other new tests can also be obtained by differenti-
ating the empirical characteristic function properly. We note that Csorgo
(1985), de Silva & Griffiths (1980), and Feuerverger (1988) used the em-
pirical characteristic function to test independence between two identically
independently distributed random variables. In the time series context,
Epps (1987, 1988) used the empirical characteristic function to test whether
a stationary time series is Gaussian or whether a Gaussian time series is
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stationary. Our approach differs from these works in many aspects and in
fact is a multivariate extension of Hong (1999), who considers hypothesis
testing in univariate time series via the empirical characteristic function.

In Section 2 we introduce test statistics. Asymptotic distribution and
consistency are established in Sections 3 & 4. In Section 5 a simulation
study is conducted to investigate finite sample performance of the new test
in comparison with those of Haugh (1976), Hong (1996), and Koch & Yang
(1986). The mathematical proofs are collected in the appendix.

2. THE TEST STATISTICS

As in Hong (1996), we consider a bivariate linear process:

Assumption A.1: Suppose (X¢,Y:) is a bivariate stationary linear process
such that

X :Zajut_j, andYt:ijvt_j, (t=1,..,n)
§=0 §=0

where (u;) and (v;) are each an independent and identically distributed
sequence respectively, with E(u;) = 0, E(v;) = 0, E(u}) < o0, E(v}) < o0;
both (a;) and (b;) are sequences of real numbers such that Y% |a;] <
00, 3520 bj] < o0 with ag = by = 1. Furthermore, both Alz) =272 427
and B(z) = Z;io b;z? are bounded and bounded away from zero for |z| <
1.

This assumption implies that X; and Y; are invertible:

Xy = Zoéth—j +ug, Yy = Zﬂth—j + v,

j=1 j=1

where 1— 377 | oy L = (3072 a; L7) 71, 1= 3072, BiL7 = (3072 b;L7) ™,
and L is the lag operator. This includes as special cases autoregressive
moving-average models of finite orders, as assumed in Haugh (1976) and
Koch & Yang (1986). Given Assumption A.1, (X;) and (Y;) are indepen-
dent if and only if innovations (u;) and (v;) are independent. Following
Haugh (1976), Hong (1996), and Koch & Yang (1986), we first prewhiten
(X:) and (Y;) and test independence between their residuals (4;) and (),
say. As pointed out in Haugh (1976), this approach is much easier to handle
and interpret, because it filters out autodependence within X; and within
Y;. Otherwise, autodependence would complicate test statistics and affect
their finite sample performances. Our approach permits use of the residuals
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from an autoregressive moving-average model, but misspecification of the
autoregressive moving-average model would invalidate the asymptotic dis-
tribution of the test statistic. Following Hong (1996), we consider residuals
from truncated autoregressions of orders p and g:

s = Xy — ap) Xe(p), o =i — B(q)'Ya(q),

where X;(p) = (X¢—1,..., Xe—p), Yi(p) = (Y1, ..., Yi—g)', é(p) and 5(q)
are the ordinary least squares estimators for the truncated autoregressions
(cf. Berk, 1974).

Define the pairwise joint empirical characteristic function of (d, 0;—;)

) (n . j)_l ;L_1+ ) ei(ibﬁt-"y{/t—j) (j 2 O),
. x’ = o\ — L ! i(xa j 0 1
oite) = { (1, P e <0

where i = /—1 and (x,y) € R?. We consider the integrated measure

~ m ~(m, ~ i 2
I,s"%%):/ (600 (@) = ¢ (@, 00200, y)| wn (@)wa(y)dady,

where and hereafter the unspecified integral is taken over the entire Eu-
clidean space (R? here),

A(m,l .
o (@,y) = 0" (x,y) [0a™ 0y,
m, [ are nonnegative integers, and ws, wy are weighting functions satisfying:

Assumption A.2: For j = 1,2, w; : R — R is symmetric with [ 2%w;(z)dz <
0.

The introduction of wj(z) and wsy(y) ensures existence of fr(Lm’l)(j) be-
cause ¢; (-, -) is almost periodic (i.e. reaching the supremum value infinitely

often as (z,y) tends to infinity). With proper choices of wy, wa, IAy(ALO’O)(j)
converges to zero in probability as n — oo if and only if u; and v,_; are
independent. Thus, j7(lo,0) (j) is able to detect alternatives with zero cross-
correlation. On the other hand, various choices of m,l > 0 will yield tests
for cross-correlation in the (m,l)-moment between two time series; this
directs the power of the test toward certain directions of interest.

Put ¢, () = ¢o(x,0) and &, (y) = $0(0,y), the empirical marginal char-
acteristic functions of (@) and (9;). Let M be a positive integer such that

M — 0o, M/n — 0. Our test statistic is a weighted sum of the fflm’l)(j),
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namely,
n—1  j2/. 1y FmD) o A(m,l)
o k M — I - Ch
Cn(mvl):ZJ_l,n (3 /M){(n—1jl) () - }7
{2D6m0 5523 ki) }
where

o~

) / {32 (0) — |64 (@)} () / {620(0) — ¢ (4) P Juwaly)dy,

b = [ [ e )—sagm(m)sagm)(x’f (2)ws (') dda’
/ / )= 60 )0 ()| walyywa(y)dydy'

and the kernel function k of lag j satisfies:

Assumption A.3: k: R — [—1,1] is symmetric, and continuous at 0 and all
except for a finite number of points, with k(0) = 1 f ) < oo, and

lk(2)] < Alz|~ baSZHooforsomeO<A<ooandb>5.

This includes the truncated, Bartlett, Daniell, Parzen, Turkey, and
Quadratic-Spectral kernels. Cf. Priestley (1981). The truncated, Bartlett,
Parzen and Turkey kernels are of compact support, because k(z) = 0 if
|z| > 1. Here, only the ifm )( i) for |j| < M are used. In contrast, the
Daniell and Quadratic-Spectral kernels are of unbounded support. For
these kernels, all (2n—1) im (j) are used. Typically, k gives large weights
to small j and small weights to large j. This is expected to give good power
against alternatives in which the strength of cross-dependence between X,
and Y;_; decays to zero as the lag increases, as is typically the case for
most stationary time series encountered in practice.

We now consider test statistics corresponding to various choices of (m, ().

Case 1 ((m,1) = (0,0)) : Testing pairwise cross-dependence.

Let wi(-) = wa(+) = w(:), where w : R — R satisfies Assumption A.2.
Then

Sl KRG /M){(n— i () — ¢8O}
{200 57573 wi(i/n) )

Cr(0,0) =

b

S
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where

00 = [{1- @ P [(1-16.0) ey
PV = [ [1oue+0) = pul@)pn(e) wle)ula')dsds
<[ [1euty 1) = o) eyt dydy'
This is consistent for hypotheses

H, : u; and v;—; are independent for all j versus

Hy : uy and v,—; are dependent for some j.

Here, H4 characterizes all pairwise cross-dependencies. There exist alter-

natives in which (u;) and (v;) are pairwise independent but not mutually
independent. The test C,(0,0) will miss them. As Feller (1957, p.117)
points out, however, practical examples of pairwise independent events
that are not mutually independent apparently do not exist.

Case 2 ((m,1) = (1,1)) : Testing cross-correlation in mean.

Let wi(-) = wa(-) = 4(-), the Dirac delta function. Then f,(ll’l)(j) =
R2 (j), where Ry, (j) is the residual covariance function, namely,

()Y (e — a0} by — 90} (2 0),
Runld) = { (n+3) " S iy — ()b — 80}, (5 < 0).

17,(]) = { (n - j)il Z:L:l-‘rj ﬁ‘ta (j > 0)7

(n+5)7" 20 ety (5 <0),
and o(j) similarly defined. It turns out that the test statistic
n—1 20 S\ A2 [ n—1 2/
2jm1a K G/M) (0 = 151 Pan () = 205200 K2 (/M)

Cn(1,1) = .
{25 G/}

?

where p,,,(4) is the sample cross-correlation function between (4;) and (;),
that is,

ﬁuv(]) = Ruv(])/{Ruu(o)va(o)} >

SIS
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with Ry, (0) = n= 230 {i; —a(0)}? and Ry, (0) = n=' 327 {i: —5(0)}>.
This is a modified version of Hong’s (1996) test, in the similar spirit of Ljung
& Box’s (1978) test being a modified version of Box & Pierce (1970). It is
consistent for hypotheses

H, : puy(j) =0 for all j versus Hy : puy(j) # 0 for some j,

where py,(j) is the cross-correlation function between (u;) and (v).
Case 3 ((m,l) = (2,2)) : Testing cross-correlation in variance.
Let w1(:) = wa(:) = §(-), the Dirac delta function. Then
ST KRG M) (0 = [51)2e,0 () — X520, K2 (/M)

Cn(2,2) = T ,
{252 w6}

where p,z2,2(j) is the sample cross-correlation function between (47) and
(92), defined analogously as py,(j) with @; and ©9; replaced by 42 and 7
respectively. This test is consistent for hypotheses

H, : py22(j) = 0 for all j versus Hy : pyz,2(j) # 0 for some j,

where p,z,2(j) is the cross-correlation function between (u?) and (v}).
Thus, it is able to detect alternatives that exhibit zero cross-correlation
in mean but have non-zero cross-correlation in variance, as occurs in some
economic and high frequency financial time series. This test is similar in
spirit to those of Granger & Anderson (1978) and McLeod & Li (1983) in
testing autocorrelation in the second moment of a univariate time series.
In fact, it is closely linked to the test for Granger-causality in variance
recently developed in Hong (2001).

Other tests can be obtained by choosing proper (m,l). For example,
(m,l) = (2,1) with wy(-) and ws(-) being the Dirac delta function yields a
test for cross-correlation between (u;) and (v?). This can be used to test
the causal relationship between (e.g.) the trading volume of a stock and
its price volatility.

3. ASYMPTOTIC NULL DISTRIBUTION

To derive the null limit distribution, we impose an additional assumption.

Assumption A.4: E(uj?) < co and E(v}?) < oo, where d = max(m, ).
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Among other things, this ensures that ¢, (-) and ¢, (-) are 4d-th order
continuously differentiable (cf. Chung, 1974, Theorem 6.4.1). If m,l < 1,
this assumption is reductant given Assumption A.1.

THEOREM 3.1 (Asymptotic Normality). Suppose that Assumptions A.1
- A4 hold. Define B,(p) = Y31 jla;| and By(q) = Y52, 1 3%15;]-
Let M — oo, M/n — 0, and let p+ q = o(ni/M%),n%{Bu(p) + By(q)} =
o(n/M3). If (u) and (v;) are mutually independent, then for each pair
(m,1), m,l >0, we have Cyp(m,l) — N(0,1) in distribution as n — oo.

The conditions on p, ¢ are stronger than those of Hong (1996), because
we consider a more general statistic here. For the implications of condi-
tions on M, p,q, see an analogous discussion of Hong (1996). Although
(n— \]\)I(ml (7) is a Cramer von-Mises type statistic and therefore does
not follow a standard chi-square distribution in general, Theorem 1 shows
that a weighted sum of the (n — \]\)I(ml (y) has a null asymptotic N(0,1)
distribution for large M. This yields a simple procedure because no tab-
ulation is needed. Our test is one-sided since negative values of C,(m,I)
can occur only under the alternative (see Theorem 2 below). We note that
Csorgo (1985), de Silva & Griffiths (1980), and Feuerverger (1988), who
used empirical characteristic functions to test independence between two
independent and identically distributed random variables, only consider a
single or finitely many gridpoints. In contrast, we consider infinite points
by integrating out the nuisance parameters (x,y). This ensures consistency
of C,(0,0) against all pairwise cross-dependencies.

4. CONSISTENCY

To establish consistency of our test C,,(m,l), we first describe the de-
pendence between (u;) and (vy).

Assumption A.5: The bivariate process (us,v;) is a stationary mixing se-
quence with (a) either a uniform mixing coefficient ¢(j) of size 2 or a
strong mixing coefficient «(j) of size n/(2 + 2n) for some n > 0; (b)
Elug[*0+7) < 00 and E|vg|*?+2M < oo, where d = max(m, ).

For mixing conditions and related concepts, see e.g. White (1984). As-
sumption A.5(a) ensures ¢(j) — 0 or a(j) — 0 as j — oo, implying
ergodicity. Assumption A.5(b) is stronger than Assumption A.4. Among
other things, this ensures that the partial derivative of pairwise joint char-
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acteristic function ¢;(z,y) of (us, vi—j)

ml a7n+l
@; )(x,y) = W@j(%y)

exists, is bounded and continuous in (x,y) € R2.

THEOREM 4.1 (Consistency).  Suppose that Assumptions A.1-A.3 and
A.5 hold. Let M — oo, M/n — 0, and let p+ q = o(nz/M3), B,(p) +
By(q) = o(M~7%), where By(p) and By(q) are as in Theorem 1. Then as

n — 00, it

oo

(M Jn)Co(m, 1) — 3 1 () {2D§mﬁ” / k4(z>dz}
[71=0 -
) ﬁ(()m’l), and

in probability, where ng’l =plim, .

md)(j) = / / 68D (2, ) — o™ (2, 00D (0, y) Py (o ) dedy.

Thus, lim,, oo P{Cy,(m,l) > ¢, } = 1 for any nonstochastic sequence {c,, =
o(n/M?)}.

We note that the asymptotic local and global powers of C,,(m,[) can be
analyzed using reasoning analogous to those of Hong (1996, Sections 4 &
5). In particular, non-uniform kernels have substantially better power than
the truncated kernel or uniform weighting. Over a suitable class of kernel
functions, the Daniell kernel, k(z) = sin(nz)/7z for z € (—o0,00), maxi-
mizes the power of the test under both proper local and global alternatives.
However, simulation results in Hong (1996) show that some commonly used
non-uniform kernels have similar powers.

5. MONTE CARLO EVIDENCE

We now examine finite sample performance of C,(0,0) in comparison
with those of Haugh (1976), Hong (1996) and Koch & Yang (1986), using
Monte Carlo methods. Following Hong (1996), we consider two processes
for X; and Y; : (a) Xy = 0.5X;-1 + w¢ and Yy = 0.5Y;_1 + vy; (b) Xy =
uy + 0.5us—1 and Yy = vy + 0.5vi_1, where u; and vy are independent and
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identically distributed random variables. Three alternatives are considered:

0.3, 7=0,

0, otherwise;
0.647/(325_,0.647), 0<j <8,
0, otherwise.

Alternative 1 ¢ pyy(j) = {

Alternative 2 : pyy(j) = {

Alternative 3 : uy = €14€¢, Vg = €94€3¢,

where the €;; are mutually independent i.i.d. innovations. Under Alterna-
tive 1, (uy) and (vy) are correlated simultaneously but not otherwise. This
pattern of very short cross-correlation is similar to those of many financial
time series. Under Alternative 2, the cross-correlation function is positive
and decreasing over 0 < j < 8, with a maximum value of 0.233 at j = 0
and nearly 0 at j = 8. Similar patterns can be observed in some economic
time series data. Under Alternative 3, (u;) and (v;) are uncorrelated but
are not mutually independent.

The simulation experiment was carried out using a GAUSS random num-
ber generator on a personal computer. We consider the sample size of
n = 100. To reduce the effects of initial values, we generate 150 obser-
vations and then discard the first 50. We use truncated autoregression
models of order p and ¢ to fit X; and Y;, with p,q = 3. For C,,(0,0), we
use the Bartlett kernel: k(z) =1 — |z| for |z| < 1 and k(z) = 0 otherwise.
This non-uniform kernel has a compact support, thus significantly reducing
the computational cost involved. Three rates of M = 5,8,12 are used to
examine effects of choosing different M. These parameters also apply to
Hong’s (1996) test

n—1

Q=1{n > K(/M)52,3() ~ Suk) p / {2Da(k)}? |

j=1l—n

where Gy, (j) is the residual cross-correlation function defined as p,,, () but

without substracting the sample means, S, (k) = Z;’;ll_n(l—|j|/n)k2 (j/M)

and D, (k) = Z;’;;n(l —|41/n){1 = (|j| +1)/n}k*(5/M). For comparison,
we include Cp(1,1), the modified version of Q.

Haugh’s (1976) two statistics are

M M

S=n Y 82,0), S*=n* Y (n—3)7"62,0)
i=—M =
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TABLE 1.
Rejection Rates Under the Null Hypothesis of Independence Between X: and Yz
N(0,1) EXP
M 5 8 12 5 8 12

10% 5% 10% 5% 10% 5% 10% 5% 10% 5% 10% 5%
(0,0) | 11.6 6.7 109 6.6 10.7 6.4 11.1 73 123 74 124 7.0
(1,1)11.3 71 101 6.0 98 57 101 71 106 7.1 107 7.3
Q 108 68 9.7 58 84 53 97 72 107 6.7 10.1 6.5
S
g

78 36 65 22 39 11 87 42 71 34 71 38

87 45 78 33 77 32 102 49 91 45 103 6.1
ry 86 32 68 2.1 50 2.1 101 40 78 38 6.6 3.5

-1 72 40 72 32 68 25 90 39 89 39 71 32

Notes:

(1) Xt =0.5X¢—1 + ut, Yr = 0.5Y:—1 + v¢, where uy and vy are N(0,1) or Expo-

nential (0,1);

(2) 1000 Replications;

(3) Q, Hong’s (1996) test; S, S*, Haugh’s (1976) tests; rf,r5,_,, Koch & Yang’s

(1986) tests.

Both S and S* are asymptotically x2,, 41 under the null hypothesis. Koch
& Yang’s (1986) statistic is

M—i ( i 2
ri=n >y {Z&uv(j+l)} yi=0,1,..,M —1.
j=—M (i=0

Note 75 = S. For i > 1, r} is asymptotically distributed as an infinite sum
of chi-square random variables, with weights being the eigenvalues of some
known matrix A;. Koch & Yang (1986) use Satterthwaite’s (1941,1946)
x? approximation: 3; 'rf ~ X5,, where 3; = tr(A;A;)/tr(A;) and v; =
tr(A;)?/tr(A;AL). Koch & Yang (1986) give formula for 3; and v;. An
important issue with r} is the choice of ¢ given each M. As Koch & Yang
(1986) point out, if there is no prior information about the alternative,
then various choices of ¢ = 1,..., M — 1 should be considered for each M.
For brevity, we consider ¢ =1 and M — 1 only.

Because the performances of each test are much the same whether X,
and Y; follow process (a) or (b), we only report results when X; and Y;
follow process (a). Table 1 reports size performances of all the tests at the
10% and 5% nominal significance levels, based on 1000 replications. Both
Cr(0,0) and C,(1,1) have reasonable sizes at the 10% level; they show a
little overrejection at the 5% level, especially for exponential innovations.
Both C,(1,1) and @ have similar sizes. The tests S,S*,r} and r},_; all
show underrejection at both the 10% and 5% levels in most cases. The S*
test has better size than S.
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TABLE 2.
Rejection Rates Under Alternative 1
N(0,1) EXP
M 5 8 12 5 8 12

10% 5% 10% 5% 10% 5% 10% 5% 10% 5% 10% 5%

(0,0) | 58.6 53.2 50.2 41.8 40.6 37.8 74.0 72.0 69.8 65.6 63.0 57.8
(1,1)| 80.8 78.8 75.8 74.2 71.0 69.8 74.8 71.0 69.2 64.6 63.4 60.8
Q 80.8 78.0 754 742 712 706 746 72.0 69.8 674 650 61.2
S 41.6 49.8 30.2 41.6 20.6 354 42.8 458 30.8 38.8 20.6 254
S* 43.6 48.8 33.0 39.6 26.4 32.8 442 444 344 354 268 224

ri 33.2 384 26.0 35.0 17.0 31.0 35.0 37.8 27.0 31.8 19.0 234
ryo1 | 274 34.8 16.6 25.8 10.8 176 29.8 30.8 174 226 104 174

Notes:

(1) X¢=0.5X¢—1 4 u¢, Yy = 0.5Y3—1 + v, where u¢ and vy are N(0,1) or Exponential
(0,1), pun(j) = 0.3 for j = 0 and puu(j) = 0 for j # 0;

(2) 1000 Replications;

(3) Q, Hong’s (1996) test; S, S*, Haugh’s (1976) tests; rf,7%,_;, Koch & Yang’s (1986)
tests.

Table 2 reports powers under Alternative 1 at the 5% level, based on
500 replications. We use both asymptotic and empirical critical values,
the latter obtained from the 1000 replications under the null hypothesis.
The subsequent discussions are based on results using the empirical critical
values (i.e. size-corrected powers). We first consider normal innovations.
Both @ and C),(1,1) have virtually the same power and are most pow-
erful, followed by, in their orders, C,(0,0),S5,S5*,r] and r},_,. We note
that C,,(0,0) becomes more powerful under exponential errors than under
normal errors, while all the cross-correlation tests becomes less powerful.
For exponential errors, @ remains most powerful, and C,,(1,1) has similar
powers. Now, C,(0,0) has the same power as @ for M = 5, and is only
slightly less powerful than @ for M = 8,12. The @, C,(1,1) and C,(0,0)
tests have substantially better powers than the S,S5*,r] and r3,_, tests.
The r3},_, test remains the least powerful.

Table 3 reports powers under Alternative 2. Under normal errors, r3,_; is
most powerful for M = 5,8, but becomes less powerful than @ and C,,(1,1)
for M = 12. The @ test is slightly more powerful than C,,(1, 1), followed by
73, 8,8% and C,(0,0). The C,,(0,0) test is least powerful. Again, C,(0,0)
becomes more powerful under exponential errors than under normal errors;
the cross-correlation tests have a mixed story, but their powers change only
slightly. Under exponential errors, 73,_; remains most powerful for M = 5,
is as powerful as @ for M = 8, and becomes less powerful than ¢ and
Crn(1,1) for M = 12. The @ test is slightly more powerful than C,(1,1),
which in turn has better powers than r7, .S, S* and C,(0,0). Now, C,(0,0)
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TABLE 3.
Rejection Rates Under Alternative 2
N(0,1) EXP
M 5 8 12 5 8 12

10% 5% 10% 5% 10% 5% 10% 5% 10% 5% 10% 5%

(0,0) | 40.6 37.4 37.8 30.8 33.0 29.2 53.2 46.4 46.4 42.6 43.8 39.0
(1,1) | 70.0 65.6 64.6 62.4 57.4 55.0 70.6 66.0 66.6 61.2 62.8 56.0
Q 71.8 69.8 66.8 64.2 60.6 59.8 73.4 68.6 69.6 66.0 64.6 58.8
S 36.6 44.0 25.6 38.4 18.0 32.6 42.2 474 32.0 394 232 28.0
S* 39.0 416 31.8 36.8 24.0 31.0 44.6 44.8 35.8 36.6 30.0 252

ri 55.6 62.2 43.4 53.8 32.0 45.8 59.6 61.6 47.6 51.8 35.6 41.2
ry_1 | 67.8 754 584 69.0 40.0 52.8 70.2 72.6 614 66.0 42.6 51.8

Notes:

(1) X¢=05Xi_1+ ut, Yz = 0.5Y;—1 + v¢, where ut and vy are N(0,1) or Exponential
(0,1), puv(j) = 0.233 % 0.8%7 for 0 < j < 8 and pyy(j) = 0 otherwise ;

(2) 1000 Replications;

(3) Q, Hong’s (1996) test; S, S*, Haugh’s (1976) tests; rf,75,_;, Koch & Yang’s (1986)
tests.

TABLE 4.
Rejection Rates Under Alternative 3
N(0,1) EXP
M 5 8 12 5 8 12

10% 5% 10% 5% 10% 5% 10% 5% 10% 5% 10% 5%

(0,0) | 70.4 65.6 67.2 57.4 54.0 49.8 67.8 60.6 59.6 54.6 52.8 46.6
(1,1) | 214 204 19.6 17.8 16.2 14.8 31.0 26.2 29.2 25.0 25.8 22.8
Q 21.8 204 194 174 154 15.0 30.6 27.0 28.6 264 254 226
S 8.6 104 68 92 40 98 166 18.6 14.0 16.8 13.0 15.0
S* 94 104 80 90 66 9.6 18.0 184 150 16.6 164 14.6

Ty 86 120 6.4 9.0 4.8 10.0 14.8 16.0 13.6 14.8 10.6 12.8
M1 96 122 58 84 48 80 14.2 152 10.0 11.6 6.8 9.0
Notes:

(1) Xt =05Xy_1 + us, Yy = 0.5Y;_1 + vg, where uy = e14€3¢, and vy = €2¢€3¢,€1¢,€2¢
and e3; are serially and mutually independent N (0, 1) or Exponential (0,1);

(2) 1000 Replications;

(3) Q, Hong’s (1996) test; S, S*, Haugh’s (1976) tests; r1,7%,_,, Koch & Yang’s (1986)
tests.

remains least powerful for M = 5, but becomes more powerful than S and
S* for M = 8,12.

Table 4 reports powers under Alternative 3. As expected, C,(0,0) is
able to detect the nonlinear dependence, while all the cross-correlation
tests have little or no powers.
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In summary, the simulation study shows that the new test Cy,(0,0) has
reasonable sizes and has good powers against nonlinear dependence which
the cross-correlation tests will fail to detect. It also has good power against
linear dependencies, especially in non-Gaussian situations.

MATHEMATICAL APPENDIX

Throughout, 0 < A < oo denotes a generic constant that may differ in
different places; a* and Re(a) denote the complex conjugate and the real
part of a; ||A|| = {tr(AA’)}2 denotes the Euclidean norm of a real-valued
vector or matrix A; “—P ” and “—¢” denote convergence in probability
and in distribution. Theorems 1 and 2 are proved in Appendix A; Appendix
B contains some lemmas used in Appendix A.

APPENDIX A

PROOF OF THEOREM 1: The proof of Theorem 1 consists of proving
Theorems A.1-A.4 below, and application of Slutsky Theorem.

THEOREM A.1. Let I{™ l)( ) be defined as ilm l)( j) with (G, ;) replaced
with (ug,v). Then

%Z (/M) = 1) {10 () = I G) = o (1),

THEOREM A.2. Define ﬁ,&m’l)(j) = |'~yj(-m"l)(:t,y)|2w1(ac)wg(y)dgcdy7 where

A(m l)(a: y) = (n— '>_1 D14 h(m) (m)gﬁl)](y) (4 =0),
’ 7 (437" 20, Jhifj) @)9 (), (5 <0),

m ™ irug m l L iy l
h™ (2) = e — o™ (2) and g (y) = Zrevr — ol (y). Then

n—1
ME ST RRG/M)0— 13) { T G) = A0 6) = 0p(1),

|51=0
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THEOREM A.3. Let C(()m’l) and D((,m’l) be defined as C‘ém’” and Dém’”
with @, and @, replaced with ¢, and @, respectively. Then

ZIJ\ 0k2(J/M) {(n— 1iDAS (m, l)( N — C(()m,l)}
{20 S 2 k() b

4 N(0,1).

1

TuroreM A.4. C™D — ofmb) — op(M~2), and Dl _ plmb
Op(l).

PROOF OF THEOREM A.1: Write

(z,y)[> = 117" (2, ) ?
=10 (2, ) — 1™ (2, y)[?
+2Re[{ 1™ (@, y) — I (@, y) ™V (2, y)"). (A1)

#(m,l)
|7

We now consider the first term. Put hy(z) = €% — ¢, (), §;(y) = e —
©u(y). Then by straightforward algebra, we have that for j > 0,

2(m,l m l
H ) == Y WP @0
t=1+3
Q=" A (@) p (- )" Z i) g
t=1+j t=1+j
(A2)
Liz,y) =57 3 (@) ()
t=1+j
Q=) Y hM () p ()" Z g , (A3)
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where h{"™(z) and ¢" (y) are as in Theorem A.2. Put Ahy(z) = hy(z) —

hi(z) and Ag(y) = G+(y) — 9¢(y). Then for j > 0,

L™ (2,y) = ™0 (@, y)

=(n—7)" Z Ah(m) (l) ( )

t= 1+]
Z Ah(m) (l) ( )
t=1+7
N — - m ~(l
+n=i)7 Y MM @A )
t=1+4j

_ {(n _j)_1 Z Aﬁgm)(x)} {(n _j)_1 Z AgEQ](l‘
t=1+j t=1+j
{ Z AR™( } {(n—j)‘1 > a@
t=1+4j t=1+j

t=1+j t=1+j

= {m—j)-l 3 h%"”(x)} { n—j)” Z Ay (@)

3
:ZAcnj(xay) - Acnj(xay)v say.

c=1 c=4

We can obtain a similar expression for j < 0. Hence, we have

[}

N - 2
1D (2, y) — IJ(-m’l)(:my)’ <A

)
)

J
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We first consider Ay, j(z,y). Put d,(j) = k2(j/M)(1 — |j|/n)~". By the
Cauchy-Swartz inequality, we have

S G0 1) [ [Aunsto)[ 1o )y

l7]=0

< {n_l ni:l dn(j)} {Zn:/ ‘Aﬁgm(gﬂ)rwl(x)dx}

|51=0

X {2/ ‘Agf)(y)r wa(y)dy}
t=1
=0p {(M/n)(p* +nBi(p))(¢* +nB:(q))} (A5)

by Lemmas B.1-B.2 in Appendix B.
Next, we consider Asp;(x,y). Conditional on (u¢)}—; and noting that

{gt(l) (y)} is an independent and identically distributed sequence with mean
zero and E|g,§l)(y)|2 < A given Assumption A.4, we have

S 101 [ 2 { o) 1002} s @t

l7]=0

=pn! Z_: dn(j) Y /|Ah§’">(x)\2w1(z)dx/E|g§2j(y)|2w2(y)dy

|7]=0 t=5+1

n—1 n
A {n—l 3 dn(j)} {Z/|Aﬁ£m)(gp)|2w1(x)d$}

131=0
= Op{(M/n)(p* + B2(p)}

by Lemmas B.1-B.2. It follows that

IN

n—1 2
> 120/ 131) [ Ay (o0)]| wr @)ooy

lil=0
=0p{(M/n)(p* + pB;(p))}- (A6)

Similarly, we have

S 2 - 1) [ Asnste.)] wr(@)uaty)aody

|51=0
=0p{(M/n)(¢* + nB}(q)}. (A7)
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We now turn to A4nj(:17, y). By the Cauchy-Schwarz inequality, we have

2

Z Ag(l)

t=7+1

LN AR ()

t=j+1

e ffara g

|A4nj(x7y)|2 = ( -

it follows that

n—1

S RGN0 =17 [ Vi (o,) () wal)dody

|71=0

< {nl i dn(j)} {Z/|Aﬁ§m)(;p)|2w1($)dm}
lil=0 t=1
Ag;" (y)d

=Op {(M/n)(p +nB2(p))(¢*> +nB2(q))} (A8)

by Lemmas B.1-B.2. Similarly,

S K /M) |j]) / [ Ay () Py (2)ws (y)dedy

[7]1=0

=0p{(M/n)(p* +nB2(p))}, (A9)
S RRG/M)(n — |j]) / Aoy (2, ) Pwr (2)ws (y)dedy
[7]1=0

—0p{(M/n) (¢ + nB2())}. (A10)

Combining (A4)-(A10), we obtain

2
Zk2 (j/M)(n - |j]) /\ﬂ”” z.) = 1 (@,9)] w1 (@)ws(y)dedy
[7]=0

=0p {(M/n)(p* + nB(p))(¢* + nB3(q))} - (A11)

This term vanishes in probability given p + ¢ = o(n%/M%),n%{Bu (p) +
1 1
By(q)} = o(ni /M3).
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Next, by the Cauchy-Schwarz inequality, we have

n—1

> R0l [ [ ) = 10 )M o)” s (@) dady

[3]1=0

S{Z -1l [ |1 (x,y)—fj(_m’l)(@y)rwl(m)wg(y)d:vdy}
l71=0

{Z K n—lj)ﬂm’”(j)}

[41=0

=

—op(M?) (A12)

by (A11) and Y212 K2(/M) (n— i) 1™ (5) = op( ), where the latter
follows by Markov’s inequality. Therefore, we have M~ ZI =0 k2(5/M)(n—

\j\){]nml (j) — i l)(j)} = op(1) from (A1) and (A11)-(A12). This com-
pletes the proof. |

PROOF OF THEOREM A.2: Write

F(m,l ~(m,l
11D (2, )2 — 33 (@, y) 2

=11 (2, )7 (@, ) P+2Re[{ 1™ (2, 9)-5" (2, )13 (2, )]
(A13)

By the Cauchy-Schwarz inequality and (A3), we have that for j > 0,

FHm,l) (m 1) 2
|10 (@) = 3™ (2,y)]
4 4\ 3

1Y K@) Elm-nT Y o0

t=1+j t=1+j

IN

< Aln—j)~?
given that {hgm)(x)} and {gt(l)(y)} are each an independent and identically

distributed sequence with fourth moments finite by Assumption A.4. A
similar result holds for j < 0. Also, by the Cauchy-Schwarz inequality,

B (,y) = 3™ ()} (0, 9)°

m,l m,l ~(m,l
(B @,y) =3 (@) PEF™ (2, 9) )
An—|3)~*"72,

N|=

IN

IN
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where E|’y(m l)(x,y)|2 < A(n —j])~! because 7 ~(m l)(z,y) is a sum of an
martingale dlfference sequence with the second moment finite. It follows
that

3 R/~ DB [I06) - #m00)
l7[=0

A/ MY da()

71=0

IN

by Lemma B.1 and M/n — 0. The desired result follows by Markov’s
inequality. |

PROOF OF THEOREM A.3: Put

Y = / W @b @) )iz, G = [ o Wl ) sl

(A14)
Recall 75" l) = |13 5(m: l) )2wi (z)wo(y)dody as in Theorem A.2, we
can write
(n—13)A™D ()
(m) (1) S e (m) (1)
m 1) m !
ZH Giji—j QZ ZReH Gi’js—i)
t=1+7 t=2+7 s=1+j .
= n—j + i1 n—j (] Z 0)
)
Z Ht+] 1+;G 2 2 Z Re(H t+] s+]G1§ s)
t=1— t=2—7j s=1—j )
= n+j + ’ : n+j (.] < O)
It follows that
n—1 n—1
> KRG /M)(n = |i)AD () Z K2 (j/M)C(§) + > K (5/M)Sn(5).
|71=0 |71=0 |71=0

(A15)
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Under the null hypothesis of independence between (u;) and (v), Cy, () is
the sum of an independent and identically distributed sequence with

EC,(j) = E{HV}E{G\)}

= [E @[ wiwds [ E]o 0] vy

- / {2 (0) — |9 (@)} () / {2 (0) — |9 ()] Yo (y) dy

= ¢lmb,

Hence, we have, by the Cauchy-Schwarz inequality, that

{ca) - it}

N

IN

IN

A(n— i)~

(n = ) ELHY P EGE Y
2 2
=10 { [0 @@y { [ 6 vt}

given Assumption A.4. This implies

n—1 n—1 1
S°RG/ME |Cali) — €m0 <37 K G/M) [B{Ca() - im0
lil=0 l51=0
n—1
< AM/n2) M7y da())
li1=0
= o(M?)
given Lemma B.1 and M/n — 0. It follows that
n—1 B n—1
> EG/M)Co(h) = CID ST R (/M) + op(M?). (A16)
151=0 131=0
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Now, put S, = 2[5 k(/M)Sa(j) and noting du(j) = du(~j), we
can write

n—1 n t—1
= _ . m l
Su=2n""3"da(i) Do Y Re(HVGY, )
j=1 t=24j s=1+j

n t—1

1—-n
— . m l
+2n 1Zdn(.7) Z Z Re(Ht(—',-j),s-ﬁ-jGE,L)s)
7=0

t=2—7j s=1—j

n—1 n t—1
_ . m l
oS S S remmad, )
j=1 t=2+j s=1+j
n—1 n t—1
_ . m l
20 Y)Y Y Re(H), G
j=0 t=2+j s=1+j
n—1 t—1 s—1
— . m l
=20t Y AN () Re(HI G, )
t=3 | s=2j=1
n—1 t—1 s—1
— . m l
+2n ! Z Z Z dn (j)Re(Ht(fj),sijg,-)S)
t=2 s=1 j=0
n—1
=n~! Z(Slnt + Sont)
t=2
:gln + 52717 Sa}’7 (A17)

where we set S1,2 = 0. Given (A14) and independence between (u;) and
(ve), we have E(S1pt|Fi—1) = 0, E(Sant|Fi—1) = 0 and E(S15tSont| Fi-1) =
0, where {F;} is the sequence of sigma-fields consisting of (us,vs), s < t.
It follows that E(Sy:|Fi—1) =0, and so (Spe, F}) is anadapted martingale
difference sequence. We can show asymptotic normality for S,, by Brown’s

(1971) martingale limit theorem, which implies V(S,)~ 23, —% N(0,1) if
_ 1 n — 1
V(S 23 B [$21{1Sul > nev (S0t} — 0 (A18)
t=2
for every constant € > 0, and

V(Sp)"2n 2> E(S2|Fiq) =P 1. (A19)
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Here, 1(-) is the indicator function. We verify (A18) by showing
V(S,)2n~* Z ES%, —0.
From Lemma B.4 in Appendix B,
V(S,) = 2Dt 0 /0; K (2)d={1 + o(1)}
as M — oo, M/n — 0. Hence, it suffices to show

M2y " E[Sene* — 0

t=2

for ¢ = 1,2, where

t—1s—1 t—1s—1
S =23 S G HIG, - S =23 S AL G
s=2 j=1 s=1 j=0

- ~ (A20)
We show for Sy,; only; the proof for Ss,; is the same. Rewrite

t—1

glnt :2/h§m)(z)zh(m Zd Gw(fl)Js —j wy (v)dx

=2

/ (m) Zh(m) Z(l w (z)dzx, say. (A21)

Note that hgm)(x) and Zt(i) are independent, and given (¢, s) where ¢ > s,
Zt(i) is a sum of an martingale difference sequence. Then by Minkowski’s
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inequality, we obtain

E )S‘W !

16| [ (B {E

Z SIEN AR

IN

4

4y 1
} wq (x)dx
1

16 /{E|h£"”<m>|4}i{t (BN @) }%{E|Z£é|}}

S

|
ol

Nl

(]

IA

w1 (x)d:v]

vl
IS

n—1

1642 M2 M‘lgdn(j) [/{Ehgm)(as)ﬁ}iwl(x)dxr

<m0} ]
= O(t*M?),

IN

where, we have made use of the fact that

2 2
SAMP MY da())

(A22)

ol

Bz < zd ) (2160, 1)

It follows that

M™2n~* Z E|Sin|* = 0(n™h).
t=2

Similarly,
n
M2t Z E|Son* = O(n7Y).
t=2

Hence, condition (A18) holds.
Next, we verify (A19) by showing

V(S,)2V{n™2) E(Sy|Fim1)} — 0.
t=2
Because E(S2,|Fi_1) = E(S%,,|Fi—1) + E(S3,,|F;_1), it suffices to show

M7V ) B(SZ,lF-1)} =0
t=2
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for ¢ = 1, 2. We show for ¢ = 1; the proof for ¢ = 2 is the same. Given

t—1 s—1
(1l m 1)*
S%nt - 2ZZd ,s t)js —J +Ht(s) Gz(f—)j,s—j]

s=2 j=1

2
t—1s—1 t—1s—1

— 2 S HEDEY, b+ 2SS da()E A

s=2 j=1 s=2 j=1

2
t—1s—1

+223° N d. ()G, L

s=2 j=1

:S%nt—’_ (Siknt)2+2|§1nt‘2; (A23)

it suffices to show M~2V{n=23"1, E(S?,,|F;—1)} — 0. Using (A21) and
putting D, (z,2') = Ehgm) (x)hgm)(z’), we have

E(S%,| Fy-1)

t—1 s—1

m l
=E ({23 N d(HHGY b B

s=2 j=1

4Z/Du($,$/)h§m)(z)*hgm)( * (Z(l)) wy (z)w: () dadz’

521

+82/D , 2’ )h{™ (z Z A (z ti)zZt(i)l 1(z)we (2 )dzdx’

52=3 s1=2

:4Blnt + 8A1nt7 say. (A24)

2
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We now consider the second term Aj,;, which is a sum of an martingale
difference sequence over sy. For to > tq,

(Alnt2 1nt, )

52 1
1) l
_ E/D z,2') #)*D {Z h(m zgmztg;}

82_3 S1 2
so—1

x {Zhg@( )Z,ffg’;z,fflj} wy (2)wi (2w (Z)w, (F)dada’ didi
§1=2

t1—1 so—1

< SN B2, 28 20 20w (w)wn (2w (7w () dada dEdT

52_3 S1= 2

where the second equality follows by independence between (u;) and (v;).
Noting Zt(? = Zj;i dn(j)Ggl_)jys_ ; and by straightforward but tedious al-
gebra, we have that for o > so,t1 > s1,

L (s 2
B(ZO. 70 70+ 70%)] av{M Yl dn ()} (e = 1)
AM{M ST )} (> ).

tosy “tas1 “tisa Tt1s1

Therefore, we have

n 2 n
M™2E |n~2 Z Aqpt =M"?n~* Z E‘A1"t|2
t=2 t=2
n ta—1
+oM 24 Z Z E(Aint, Alpt,)
ta=31t1=2
:O(n71 + Mﬁl). (A25)

Next, we consider the first term in (A24). Put D,, = [ |Dy(z,2')|?w1 ()w: (2')dzda’.
Then

Bint
t—1
= 1
=D, Z(Zt( ))2
s=2

t—1
#3 [ Dulaa!) (W @) B )" = Difara!) )P (o
s=2

=Bant + Agnt, say. (A26)
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Conditional on (v)}_;, Aant is a sum of an independent and identically
distributed sequence. It follows that

E‘A2nt|2

t—1
=Y E
s=2

2

/ Dy (z, ") {h{™ (2)h0™ (¢) — Dy(z, 2')}*(Z1))?w: (2)w: (2" )dzdz’

=2
< a0 {1 Y a )

2
given E'|Zt(?|4 < AM? {M‘1 Z;:ll dn(j)} as in (A22). Therefore,

M™2E |n <M~ —4{Zn:(E|A2m|2)%} =0(n™"). (A27)

t=2

-2
E A2nt
t=2

Noyv7 we consider the first term in (A26). Recall Zt(? = Zj;i dn(j)G,Elzj,s,j
as in (A21), we decompose

t—1 s—1
Boyy :Du szi(j G]El)]e ]}2
s=2 j=1
t—1 s—1 j2—1

+ 2Du Z Z Z d ]1 Gil)]l s— j1G§l J2,8—J2

5=3 ja=2 j1=1

:B?)nt + 2A3nt7 say. (A28)
Recall G,Eli fg(l) 9 () wa (y)dy as in (A14), we have,
t—3 t—2

= . l l
Asnt = Dy, dn(j1) Z n(J2) Z GE )J176 —Jj1 E)j2as_j2 ’

ji=1 Je=j1+1 s=j2+1
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which is a sum of an martingale difference sequence over j;. It follows that

-E|A3nt|2
2
t—2 t—1
. l 1)
= D2 Zd" jl)E Z dn(]Z) Z Gf‘f)jl,sthlE J2,8—J2
Jji=1 J2=J1+1 s=ja+1
1 2
2\ 2
t—3 t—2 t—1
— . . 1) l
< DY EG) Y daa) [ B] Y GG
Jji=1 J2=j1+1 s=j2+1
2
n—1 n—1
< AMP MUY (i) ¢ MY dalde)

j1:1 j2:1
= O(tM?),

where the first inequahty follows by Minkowski’s inequality and the sec-

ond one by E|Zs a1 Ggl)jl o JIGEI)]Q o ]2|2 < Atfort > s> jo > j1.
Therefore,
2 n 2
MR |2 Ay < Mt {Z<E|Asm2>%} = O(M/n).
t=2 t=2

(A29)
Finally, noting E{Gt s J — f \Dv(y,y’)|2w2(y)w2(y’)dydy' = D, where
Dv(y7y):Eg7gl)( ) lgl)( ),We have

B3nt
t—1 s—1 t—1 s—1
l . l
=D >N EGEGY, 1+ 3D G (G - BIGY, )
s=2 j=1 s=2 j=1
t—1 s—1
:DuDvZZd%(])
s=2 j=1
t—1 s—1
~ l l
+D. 33 () / (92, (") = Duly, v )1 ) 9 (y)  wa (y)wa(y)
s=2 j=1
t—1 t—2
AT / Dy, ) {02, ) 0P, W) — Dol y!) Y (y)way))
s=2 j=1

(Slnt) + Aunt + Aspe, say. (A30)
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By straightforward algebra, we obtain E|Aq.|?> < At?M for ¢ = 4,5. Tt
follows that

2 2
M~2n~E Z At <M72074 0 N (BlAcu)? p = 0(M™),
t=j+1 t=j+1

(A31)
¢ =4,5. Combining (A24)-(A31) and ES?,;, = 4D, D, Y, Z5 Y52 d2(j),
we obtain

IN

5
AM~2 ZE n-
c=1

O(M/n+ M)

M2V {n_2 > E(S’fm|Ft_1)}
t=2

zz":A
(

=o(1)

cnt
b

thus ensuring (A19). This completes the proof. |

PROOF OF THEOREM A.4: Put é,(z) = 3™ (0) — [¢\™ (2)|? and
5u(y) = 95" (0)— |8 (y)[2. Then C5™ = [ 6, (w)wi (x)dw [ §,(y)wa(y)dy.
We shall show

/ [Bu(2) = 0u(a) s (2)de =Op(p/n® + Bu(®),  (A32)
/ (5,(9) — 6, (9) Jwa(y)dy =Op(a/n* + Bu(@),  (A33)

where d,(z) and d,(y) are defined as é,(z) and b,(y) with @, and @,
replaced by ¢,, and ¢,. We show for (A32) only; the proof for (A33) is the

same. Put 5,(z) = "™ (0) = [p™ (2)[2. Then 6,(x) = bu(x) — du(x) +

S?L(A ) — 5u( ). Noting @, (z) — @u(z) =n"t 37, Aht( ) where Aht( ) =
etrut — Ut e first decompose

_ 7171 ZAB§2T’1)( ~(m) { -1 ZAh(m) }
t=1

— 3 (2) {n Z A%””(—x)}

— {n_1 i Aﬁgm) (m)} {n_1 i Aﬁgm)(—x)} .
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For 0 < r < m, we have

/

by Lemma B.2. Also, by the Cauchy-Schwarz inequality and Lemma B.2,
we have

n=l f: ‘Aﬁg’m) (0)’
t=1

2

wr (z)dx

IN

nt Z AB,E” (z)
t=1

nli/’Aﬁgr)(x)rwl(m)d:c
t=1

= Op(p*/n+ Bi(p))

A\ INA
[\} P
—_—— 3
3 |
S 1M
~ 3
I M R
> 73
& [

3 S
g -3
=2 e
—_— ——

N J [N

Nlm —
—_—— 3|
) L

R AL
NE B
.

2 £
> %
~ ——

Nl
+
3
NE
S
10
3
——
[N

These, together with E|@\™ (z)]2 < A, imply

/

by Markov’s inequality. Similarly, noting

bule) = 8u(@) | wr(@)dz = Op(p/nt + Bu(p)  (A34)

E@0 (x) — o) (@)]* = Eln ™Y b (@) < An!
t=1

for 0 < r < 2m given the independent and identical distribution assumption
on (uy) and Assumption A.4, we have

/

Combining (A34)-(A35) yields (32). It follows from (A32)-(A33) that

bu(z) — 6u(x)‘ wy (z)dx = Op(n_%). (A35)

Gl _ olmi) _ 0, {(p +q)/nt + (Bulp) + Bv(q))} : (A36)
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Hence, clmD Cé*”’” = OP(M*%) given the rate conditions on p, q. The
proof for D((, D is more tedious but similar; we omit it here. |

PROOF OF THEOREM 2: Because CJ™" —» ™" and D{™" —p
D(()m"l) by (A36) and the conditions on p and ¢,

Zk’”]/M M/ K (2)d={1 + o(1)}

|71=0

for r = 2,4, and M/n — 0, we have

(M? /n)Cy(m, 1)

1
2

- {205)”“” | k4<z>dz} S (D) S {1+ o(1)) + op(1),

7]=0

where d,,(7) = (1 — |7|/n)k?(j/p) < dn(j). Hence, it suffices to show

n—1
A ()I6™V (5 Z 10D (5) 4+ op(1). (A37)
131=0 lil=0
Write
n—1 ~ n—1 ~ n—1 ~
dn (DI (G) = 32 AT G) + Y dai) {E0G) = 1070 ) §
|71=0 |71=0 |5]=0
n—1 ~
=D da(DNI™V() + BTV, say. (A38)
|7]1=0

Noting IJ(-m’l)(av7 y) = EL™ (z )ggl)J (y), we have

N
Nl

10 ()] < 200)F {BIR™ @)12} { Elg2, )1}

and

1 J
17 )| < 202 + D)7 {B™ @} {Blai, )20}
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(cf. White, 1984, Corollary 6.16). It follows that >, 1™ (j) < oo given
Assumption A.5. Therefore, for the first term of (A38),

niczn(]) ml) Zlml) Z{d 71}Iml Zlml
|7]=0

51=0 51=0 jil=n
= > 1) +o(1), (A39)
51=0

WNhere Z;:ll {J?(j) — 131D (5) — 0 by dominated convergence given
|dn(j)—1] < 2,dn(j)—1 — 0asn — oo for any given j, and ZT;‘:O I1mb(4) <
oo; the latter also imp{ies > lil=n ImD (5) — 0.

We now show that R in (A38) vanishes in probability. Because

n—1 . ) 2
=X i) S0 @) = 170 )| s uwaly)dody

i Re [ (1) = 170 )} )
( Jwa(y)dzdy,

it suffices to show that the first term vanishes in probability; that the

second term vanishes then follows by the Cauchy-Schwarz inequality. Write
f(m,l)( ) — I(m l)( ) 2 < 9 j(m,l)( ) — f(ﬂ%l)( ) 2
i (Y z,y)| < 20" (2 y) - LT (2 y

2

)

+ 2|1 (@,y) - 1 ()

where I:J(»m’l)(x, y) is defined as f](m’l)(:c, y) with (G, 0;) replaced by (ug, vy).
For the first term, we have

Z dn( / 17, y) — 1 )| s () ) ey
|71=0
=0p {M(p*/n+ BL(p))(¢*/n+ B}(q))}
—on(1) (A10)

by (A11) and p 4 ¢ = o(nz/M3), By(p) + B,(¢) = o(M~%). (Note that
(A11) holds here as it does not assume independence between (u;) and
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(vt).) For the second term, using (A3), we have
(m,l) (m,l) 2
‘I (x,y) = ;7 (z, y)‘
‘2

< 2E‘ 3 (2, y) — 1 ()
. 4y 2 4y 3
+2{ E|\(n—3)"" Y b (@) (n—j)” 2 9y
t=j+1 t=j+1
< An—j)
where E|’y (m.1) (ac y) — I(m l)(a: )2 < A(n — j)~! by Lemma B.5 in

Appendix B, E|(n -7~ Zt—]+1 him)( 4 < A(n — 5)7% and E|(n —

) D D g’ ]( )* < A(n — j)~? given Assumption A.4 and that (u;)
and (v;) are each an independent and identically distributed sequence. It
follows that

nfl~ 2 n—1
dn (B[RS @,y) = 1" w,y)| <A@a/n) § MY du()
j=1 Jj=1
=O(M/n). (A41)

Combining (A40)-(A41) yields RY™) —P 0. This, together with (A38)-
(A39), implies (A37). The proof is thus completed. |

APPENDIX B

LEmMMA B.1. Suppose that Assumption A.8 holds. Let M — oo, M /n —
0. Then M= Y1 k2 (/M) (1~ [j/nl)~* = O(1).
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Proof. Put g = M*~2n3. Then q/M — 00, ¢q/n — 0. We have

M S RG/M)A — [/nl)

[j]=0
= MUY RGN - /) M S KRG/ = i)
|71=0 lil=q+1
< (1—g/m) M S RGM) + b S (j/g)
[71=0 |jl=q+1
~ o)

for all n sufficiently large, where M ' 371 k*(j/M) — [ k*(2)dz and
Z‘T}Eqﬂ(j/q)*% < A < oo given Assumption A.3. |

LEMMA B.2. Suppose that Assumptions A.1-A.2 and A.4 hold. Let
B.(p) and B,(q) be defined as in Theorem 1. Then for 0 <r <m,

n! Z/ |(iﬂt)reimt — (dug) et |2 wy(x)de = Op {p2/n + Bi(p)} ,
t=1

Tfl Z/ |(wt)reiyﬁt o (ivt)reiyvt|2w2(y)dx _ OP {q2/77,+ Bg(q)} )
t=1

Proof. We show for (t;) only; the proof for (9;) is the same. Because
(iat)reixﬁt _ (iut)reixut — {(Zat)'r _ (,L'ut)r}ei:cﬁt + (iut)r(eizﬁt _ 6ixut)7 and
et — etrue| < iy — auy| (cf. Chung, 1974, p.154), we have

s \NT _GTU . roizug |2 ~T T T
| (i)™ €™ — (iug) €™ |” < 2(ay — ul)? + 20202 (G — ug)?. (A42)
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By the binomial formula, we obtain

(g — ue +up)" —uy}?

- 2
{Z (&) (@ = ue)uy ™ }

=n
t=1 (c=1
<A S (0t 3o -
c=1 t=1
3 3
BB >2{nlz<atut>4c} {3l
c=1 t=1 t=1

(A43)

where A(r) is a finite constant depending on r only. Here, n ™! 37 | u 4(7 9=

Op(1) by Markov’s inequality and Assumption A.4.
We now consider n=' 331" (i — ug)*¢. Put by(p) = 372 ) ;X . Be-
cause X; = X, (p)a(p) + 4: = X{(p)a(p) + b(p) + ut, we have

nhY (i — )’ = 1Z{X —a(p)) + bi(p)}"

<A(c) {Ild(p) —a@)[*“n Y IIXe )|+ bec(p)}
t=1 t=1

2 2c
=0psp*/n+p| Y lol
J=p+1
=O0p {p*/n+Bi(p)} (Ad4)

by Lemma B.3 below, n=* "1 | || X¢(p)||* = Op(p*¢) and n=' 31 bi(p) =
OP{Z;)O:IH_l laj|}4¢. Because 7 is a fixed integer and p*/n + BZ(p) — 0,

the order of n=1 "1 | (4} — ur)? is determined by the slowest vanishing
term (¢ =1) in (A43). It follows that we have

n=t Y (i —up)® = Op {p*/n+ Bi(p)} - (A45)
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Also, we have by the Cauchy-Schwarz inequality and (A44) with ¢ = 1 that

1
n n n 2
nt E ufr(ﬂt - Ut)2 < {nl E (U — ut)4} {nl E ufr}
=1 t=1 t=1

=0p {p*/n+ Bi(p)} . (A46)

N

Combining (A42), (A45)-(A46) and Assumption A.2 yields the desired re-
sult. |

LEMMA B.3. Suppose that Assumptions A.1 and A.4 hold. Let &(p) and

B(q) be the ordinary least squares estimators for the truncated autoregres-
sions of Xy and Y;. Then

la(p) — a(P)|* = Op{p/n+ ( > Iajl) ;
Jj=p+q

|6@ s = 0r{am+ ( > m)
Jj=r+q

Proof. We show for &(p) only. Put

bh(p)= > X, Rp)=(m—-p)~" > X:i(p)X{(p)

j=p+1 t=p+1

and R(p) = EX;(p)X{(p). Then &(p) = R(p) "' (n—p) ' 11,1 Xe(p)Xe.
Hence,

=Tin + T2n7 say, (A47>
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where A(p) = (n —p)~* > oipi1 Xe(p)uy and
B(p)=(n-p)"" > Xi(p)b:(p).

For the first term,

173" <22 (R {2 o+

A(
=0p{p/n+ ( Z |04J) (A48)

fnd

where

R(p)‘%fl(p)HQ = |4 e)RE) " Aw) + Aw) {
< b (R A+ 2| k) — rw) 7|

min

= Op(p/n)

R(p)~' - R(p)‘l} A(p)H2

~ 2
i)

2
Aw)|[ = orw/m)
by Chebyshev’s inequality and H}?(p)*l - R(p)*H = Op(p/nz) — 0, as

can be obtained from the proof of Lemma 3 of Berk (1974, p.493). Also,
by projection, we have

given Amin {R(p)} > A > 0 (cf. Berk, 1974, p. 491),

ﬁ(p)’%ﬁ’(p)’r = B()R(p) 'Bp) < (n—p)~" Y b (p)
t=p+1

Il
Q
]
<.
Il
 [M)¢
)
i
\/
[\)

where the last equality follows by Markov’s inequality and Eb?(p) <

A(Z;‘;pﬂ |ovj|)2. Next, for the second term,

[ Ton||? < HR(p)—% —R(p)—% 2
=op (|| Tunll*), (A49)

where ||R(p) =2 — R(p) =[] = op(1) given ||R(p) " — R(p) '|* = op(1)
and Apin{R(p)} > A > 0. Combining (A47)-(A48) yields the desired re-
sult. |
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LEMMA B.4. Suppose that Assumptions A.1-A.4 hold. Let M — oo, M /n —
0. If (ut) and (v) are mutually independent, then

n—2
V(S,) =2D{™D > " k4 (j/M) + O(M/n),
l71=0
where D,()m’l) is as in Theorem A.3 .

Proof. Because E(Sp|Fi—1) = 0 and E(S1,:52n:|F;—1) = 0, we have
ES? =n=2Y"7") BS?,, + ES3,,,where Sy,,; and Sa,; are as in (A17). We
first consider £S?,,. Rewrite Sy,,; = 25~} Re(Ht(Zl) Zj;} dy (j)GEl_)j,S_j).
Conditional on u; and (vs)"_;, S1n¢ is a sum of an independent and iden-
tically distributed sequence. We thus have

~+
|
=

s—1
ELN du(j)Re(HPGY . )

t—j,s—j
1

ES%. = 4

(]

S

J

-+
|
Lo

s—1 2
. m l
=4y Y @GE{re({VGY, )}
j=1
t—1 s—1

= 4D{™0 Y 1> di (),

s=2 j=1

'
[\

where the last two equalities follow because for t > s > j; > jo

(@) 0 _
E {Gt*jhsfjl Gt*jms*jz)} =0
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and for t > s > 7,
2
m l
1B {Re(m{VGY, )}

2
l * l *
= E{HVGY, )6, )

t—j,s—j
m l
= {B@{PEGY,, )
+ BHEGY ) 2B PG,

t—j,s—J t—j,5—=J

— 9 / |ERS™ (2)n{™ () 2wy () ws (2 ) dada’

8 / 1Eg" ()gi" (4|21 (y)wa (v dydy'

+ 2 / |ER™ ()RS (=) Py (e (o) darder

8 / 1Eg" (1)9\" (—y") w1 (y)wa () dydy’

where Ehgm) (x)hgm)(a:’) = @&2771) (x +2') — cp&m) (x)go&m) (z') and

l l
Eg" ()9 (v) = ¢@ (@ + 2') — o1 ()P ().

Note that the last equality follows by symmetry of wq(-) and wa(+). Simi-
larly, ES3,, = 4DS™" 32070 57570 d2 (). Hence, we have

n—1t—1 s—1

ES2 = 4D D=2 3 3" N a2 (j)

t=2 s=1|j|=0

n—2

= 2D0™0 Y {1~ (n—|j)) 3K/ M)

|51=0

n—2
= 2D N " KA(j /M) + O(M/n),

=0
where 7' (n—[71) " KL (/M) < 07 S du(j) = O(M/n) by Lemma
B.1. 1

LEMMA B.5. Suppose that Assumptions A.1-A.2 and A.4-A.5 hold. Let
2

i;m’l) be defined as in Theorem A.2. Then E 'Ny](m’l)(x,y) — I](»m"l)(x, y)| <
A(n —j)~ L
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Proof. Put Cys(x) = cos(zu)—FE cos(zuy), Sus () = sin(zuy)—F sin(zuy),
Cyi(y) = cos(yvy) — E cos(yvy), and Sye(y) = sin(yvy) — E'sin(yvy). Define
Ot (@)C () — BLOL @)C ),
Su (@)S55(w) — E{S @)S{ ;)
= O @)S () — IO (@S5 ),
Sui (@)Ch () = B ()01 (0)}
for 5 > 0. Noting that Ij(m’l)(;c,y) = E&;m’l)(x,y), we have

(=) {3 @,y) - 1™ (@,y) }

= > Wiy - Wiy}

t=j+1
. m,l m,l
+i > AW @)+ W@ )

t=j+1

It follows that
2
m,l m,l) m,l)

(n— E”y( )xy)—lj( xy‘ <QZE ZWCtJ

t=j+1
We now show E{>7}" .., Wc(;” (x,9)}2 < A(n — j) for ¢ = 1,2,3,4. We
first consider ¢ = 1 by applying White’s (1984) Lemma 6.19. Given (z,y),
Wf:?’l)(x,y) is a measurable function of (u¢,v;) and (w;—j,v¢—;) for each
t and j, with EWy(x,y) = 0 for all ¢, j. Furthermore, by Jensen and C,
inequalities and Assumption A.5, we have

242n
m,l
E ’Wftj )(x,y)’

m) e ® o () ()0 e
<A@ Blei@cl,w)] T+ B @l o)
m 242n
< 20 |0 (@)l W)
< 28 () (B " Bl 1050
< A
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In addition, (ug, v¢) is a stationary mixing process with either ¢(j) of size 2
or a(j) of size n/(2+42n), n > 0. It follows that all the conditions of Lemma

6.19 of White (1984) are satisfied. Therefore, E{3>}" Wl(:';’l)(x,y)}2 <

A(n — j). Similar results hold for ¢ = 2,3,4. Hence, E|3\"™"(z,y) —
I}m’l)(z,y)|2 < A(n — j)~!. This completes the proof. |
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