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a b s t r a c t

In this paper, we consider a finite-horizon model with the time-additive utility and the time varying
discount rate. With the assumption of the concavity of absolute risk tolerance, the concavity of the
consumption function has been proved. This result significantly broadens the conclusion of Carroll and
Kimball (1996) for the case of the HARA utility function.
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1. Introduction

Since Keynes (1936), many economists have had the intuition
that the marginal propensity to consume out of wealth declines as
wealth increases. In an early important paper, Zeldes (1989) has
utilized numerical methods to find that introducing labor income
uncertainty has made the consumption function concave, with
the marginal propensity to consume everywhere higher than in
the certainty case. If the intertemporally separable period utility
function is drawn from the class of the HARA functions (hyperbolic
absolute risk aversion), Carroll andKimball (1996) have shown that
the consumption function is concave. Kato and Nishiyama (2002)
have also proved the concavity of the consumption function with
a quadratic utility with liquidity constraints. Furthermore, Morris
(2002) has presented the continuity of consumption rules with
non-exponential discounting. He tackles the problem in a three
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period problemwith non-exponential discounting and shows that,
if absolute risk tolerance is concave, then the marginal propensity
to consume is decreasing with wealth. Moreover, if absolute risk
tolerance is convex, then the marginal propensity to consume is
increasing with wealth.

Our paper is to consider a finite-horizon model with the
time-additive utility and the time varying discount rate. With
the assumption of the concavity of absolute risk tolerance, the
concavity of the consumption function has been proved for far
more general utility functions than the case of the HARA utility in
Carroll and Kimball (1996).

2. The model

Following Carroll and Kimball (1996), we consider an intertem-
poral choice model. The consumer maximizes the time-additive
present discounted value of utility from consumption, namely,

Vt(wt) = max
ct

{u(ct) +

T
s=t+1

(

s
j=t+1

βj)u(cs)} (1)

subject to
wt+1 = Rt+1(wt − ct) + yt+1, (2)
cT ≤ wT , (3)
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where Rt ∈ (0, ∞) and βt ∈ (0, ∞) are the gross interest rate
and the time preference factors, respectively; wt is the consumer’s
gross wealth, and yt is labor income; ct is the level of consumption,
u(c) is the instantaneous utility function, and satisfies u′(.) > 0
and u′′(.) < 0.

The recursive problem associated with the above optimization
problem is

Vt(wt) = max
ct

{u(ct) + βt+1Vt+1(Rt+1(wt − ct) + yt+1)}. (4)

For convenience, we define φt(st) = βt+1Vt+1(Rt+1st + yt+1),
where st = wt − ct is the portion of period t resources saved.

Therefore, we have

Vt(wt) = max
ct

{u(ct) + φt(wt − ct)}

and the first-order condition

u′(ct) = βt+1Rt+1V ′

t+1(wt+1). (5)

By the envelope theorem, we have

V ′(wt) = βt+1Rt+1V ′

t+1(wt+1). (6)

Thus, it is clear that

u′(ct) = V ′(wt).

Following Gollier (2001), an individual’s absolute risk tolerance
T (x) is defined as the inverse of his absolute risk aversion

T (x) = −
u′(x)
u′′(x)

,

and we obtain

T ′(x) = −1 +
u′′′(x)u′(x)
u′′(x)2

.

Note that linear absolute risk tolerance is equivalent to the
assumption that has hyperbolic absolute risk aversion (HARA).
HARA utility functions imply concave consumption functions has
been shown in Carroll and Kimball (1996). Here, we want to prove
the following result for general utility functions.

Proposition 1. If absolute risk tolerance is concave (i.e., T ′′(.) ≤ 0)
and βtRt > 1, then the optimal consumption rule is concave.

To prove this proposition, we need to prove the following three
lemmas.

Lemma 1. If βtRt > 1, then the optimal consumption level satisfies
ct < ct+1.

Proof. According to the first-order condition (5) and the envelope
theorem, it is obvious that

u′(ct) = V ′(wt).

Therefore, we have arrived at

u′(ct) = βt+1Rt+1u′(ct+1).

Note that βt+1Rt+1 > 1 and u′′(.) < 0; hence, we have ct <
ct+1. �

And from the definition of the function φt(st), we obtain:

Lemma 2. At the optimal consumption level, we have φ′′′
t (st )φ′

t (st )
φ′′
t (st )2

=

V ′′′
t+1(wt+1)V ′

t+1(wt+1)

V ′′
t+1(wt+1)2

.

Proof. The proof can be obtained by a simple calculation. �
Lemma 3. If absolute risk tolerance is concave and βtRt > 1, then

V ′′′
t (wt)V ′

t (wt)

V ′′
t (wt)2

>
u′′′(ct)u′(ct)

u′′(ct)2
(7)

for t = 0, 1, 2, . . . , T − 1; and

V ′′′

T (wT )V ′

T (wT )

V ′′

T (wT )2
=

u′′′(cT )u′(cT )
u′′(cT )2

. (8)

Proof. Let themarginal utility of consumption at the optimal level
of consumption be zt = u′(c∗

t (wt)). We define the functions ft(zt),
gt(zt), and ht(zt) as the inverse functions of u′, φ′, and V ′, namely,

ft(zt) = (u′)−1(zt) = ct ,
gt(zt) = (φ′)−1(zt) = st ,

and

ht(zt) = (V ′)−1(zt) = wt .

For simplicity, we drop the time subscripts from f , g , and h.
Therefore, we have

f ′
=

1
u′′

, f ′′
= −

u′′′

(u′′)2
f ′

= −
u′′′

(u′′)3

and

−
zf ′′

f ′
=

u′′′u′

(u′′)2
.

Similarly, we get

−
zg ′′

g ′
=

φ′′′
t φ′

t

(φ′′
t )

2

and

−
zh′′

h′
=

V ′′′
t V ′

t

(V ′′
t )2

.

However, because h = f + g , h′
= f ′

+ g ′, and h′′
= f ′′

+ g ′′, we
obtain

−
zh′′

h′
= −z

f ′′
+ g ′′

f ′ + g ′

=
f ′

f ′ + g ′

−zf ′′

f ′
+

g ′

f ′ + g ′

−zg ′′

g ′
.

Note that in the last period of the consumer’s life, we have
VT (wT ) = u(cT ). Thus, it is obvious that

V ′′′

T (wT )V ′

T (wT )

V ′′

T (wT )2
=

u′′′(cT )u′(cT )
u′′(cT )2

.

As for the period T − 1, because absolute risk tolerance is
concave and βtRt > 1, it follows from Lemmas 1 and 2 that

V ′′′

T−1(wT−1)V ′

T−1(wT−1)

V ′′

T−1(wT−1)2
=

f ′

f ′ + g ′

u′′′(cT−1)u′(cT−1)

u′′(cT−1)2

+
g ′

f ′ + g ′

φ′′′

T−1(sT−1)φ
′

T−1(sT−1)

φ′′

T−1(sT−1)2

=
f ′

f ′ + g ′
(T ′(cT−1) + 1)

+
g ′

f ′ + g ′

V ′′′

T (wT )V ′

T (wT )

V ′′

T (wT )2

=
f ′

f ′ + g ′
(T ′(cT−1) + 1)
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+
g ′

f ′ + g ′
(T ′(cT ) + 1)

> T ′(cT−1) + 1

=
u′′′(cT−1)u′(cT−1)

u′′(cT−1)2
.

Therefore, inequality (7) has been proved for t = T − 1. Similarly,
we can prove inequality (7) for t = T − 2, . . . , 1. �

Now we turn to the proof of Proposition 1.

Proof of Proposition 1. We begin with the proof by defining a
function, which yields the amount of savings corresponding to any
optimally chosen level of consumption:

θ∗

t (ct) = w∗

t (ct) − ct ,

where w∗
t (ct) is the inverse of the optimal consumption rule

c∗
t (wt).
An alternative definition of θ∗

t (ct) is

θ∗

t (ct) = g(f −1(ct)).

Because w∗
t (ct) = θ∗

t (ct) − ct , it is clear that, if θ∗
t (ct) is convex,

w∗
t (ct) is also convex. But if w∗

t (ct) is convex, c∗
t (wt) must be

convex, because both are increasing functions. Thus, if we can
prove that θ∗

t (ct) is convex, then the consumption rule is concave.
Taking derivatives of θ∗

t (ct) = g(f −1(ct)) with respect to ct , we
have

θ∗′

t (ct) =
g ′(f −1(ct))
f ′(f −1)

and

θ∗′′

t (ct) =
[g ′′(f −1(ct))f ′(f −1) − g ′(f −1)f ′′(f −1)]/f ′(f −1)

(f ′(f −1))2

=
g ′(f −1)

(f ′(f −1))2
[
g ′′(f −1(ct))
g ′(f −1)

−
f ′′(f −1(ct))
f ′(f −1)

].
It follows from Lemma 3 that

θ∗′′

t (ct) =
g ′(zt)
f ′(zt)2

1
zt

[
−zt f ′′(zt)
f ′(zt)

−
−ztg ′′(zt)
g ′(zt)

]

=
g ′(zt)
f ′(zt)2

1
zt
>0

[
u′′′(ct)u′(ct)
(u′′(ct))2

−
V ′′′
t (wt)V ′

t (wt)

(V ′′
t (wt))2

]  
<0

.

Therefore, sign(θ∗′′
t (ct)) = − sign(g ′(zt)).

On the other hand

g ′(zt) =
1

φ′′
t (st)

and

φ′′

t (st) = βt+1Rt+1V ′′

t (wt) ≤ 0.

Hence, sign(g ′(zt)) ≤ 0 and sign(θ∗′′
t (ct)) ≥ 0. Therefore, θ∗

t (ct) is
convex, which implies that c∗

t (wt) is concave. �

Remark 1. According to the proof of Proposition 1, it is clear that
the optimal consumption rule is strictly concave except for the last
period T , i.e., c∗′′

t (wt) < 0 except for t = T .
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